A twin Lagrangian fibration, originally introduced by Yau and the first author, is roughly a geometric structure consisting of two Lagrangian fibrations whose fibers intersect with each other cleanly. In this paper, we show the existence of twin Lagrangian fibrations on certain symplectic manifolds whose mirrors are fibered by rigid analytic cycles. Using family Floer theory in the sense of Fukaya and Abouzaid, these twin Lagrangian fibrations are shown to be induced from fibrations by rigid analytic subvarieties on the mirror. As additional evidences, we discuss two simple applications of our constructions.
Introduction

Background
This paper is devoted to the study of certain geometric structures arising naturally from the context of mirror symmetry. The Strominger-Yau-Zaslow conjecture [47] asserts that mirror symmetry should be understood in a geometric way via the so-called T -duality. Roughly speaking, this means that the mirror Y ∨ of a Calabi-Yau manifold Y should be interpreted as the moduli space of the Lagrangian branes (F b , ξ b ), where F b is a fiber of the (special) Lagrangian torus fibration π : Y → B and ξ b a unitary rank 1 local system. In [32] , Yau and the first author applied such an interpretation of mirror symmetry to the case when Y ∨ carries an additional elliptic fibration structure, and conjectured that there should be another Lagrangian torus fibration π ⋆ : Y → B ⋆ which is compatible with the original SYZ fibration π in certain sense. They call such a geometric structure
a twin Lagrangian fibration on Y , see Definition 4.1 below. It's not hard to see the heuristic arguments used in [32] can be extended to the more general case when Y ∨ admits a fibration by rigid analytic subvarieties.
On the other hand, the family Floer theory developed by Fukaya and Abouzaid in [19, 1, 2] allows us to see precisely what is the mirror object of a tautologically unobstructed Lagrangian submanifold L ⊂ Y , or more generally, L equipped with a unitary rank 1 local system ξ. More precisely, assuming that π : Y → B does not admit any singular fiber, given (L, ξ), the construction of [19] and [1] provides a family Floer module F(L, ξ), whose cohomology sheaf H * F(L, ξ) can be realized as a (twisted) coherent sheaf on Y ∨ . When singular fibers appear in the SYZ fibration π, the construction of AbouzaidFukaya can be applied over every chamber B α ⊂ B so that π restricted to π −1 (B α ) is a Lagrangian torus bundle, this yields a coherent sheaf on a chart U ∨ α of the mirror. If we know how to glue the charts {U ∨ α } α∈A together to obtain the corrected mirror manifold Y ∨ , this approach will provide a way to verify the proposal of [32] rigorously.
However, the classical SYZ approach to mirror construction is not easy to carry out. The difficulties arise both in the construction of Lagrangian fibrations and in determining very complicated quantum corrections. Fortunately, there are several interesting special cases where this approach do work. Constructions of this kind are based on the fundamental paper of Auroux [5] , and later generalized in [3, 22, 12] . In all these cases, whenever quantum corrections are involved, they can be explicitly determined via algebraic counts of stable holomorphic discs defined by Fukaya-Oh-Ohta-Ono in [21] ; and whenever walls appear in B, they are always disjoint from each other, so that more complicated scattering phenomenon does not appear. Our verifications in this paper depend heavily on these constructions.
Statement of the results
Let X be a toric Calabi-Yau manifold, which means that it's a toric variety with trivial canonical bundle K X ∼ = O X . The mirror construction in this case is carried out in [12] .
It follows that the SYZ mirror X ∨ is the open Calabi-Yau manifold defined by
for some regular function g on (K * ) n−1 . Unless otherwise specified, we assume K = Λ (or C whenever there is no convergence issue) with
being the Novikov field. By projecting to the first n − 1 coordinates, we get a fibration on X ∨ by affine conics in K 2 :
Because of this, one may expect that X = X \ D admits a twin Lagrangian fibration, where D is an anticanonical divisor to be specified in Section 2.1. In Section 4.2, we will show that this is indeed the case: the Lagrangian fibration π G : X → B introduced by Goldstein and Gross [24, 26] and a non-proper Lagrangian fibration π H which we will define in Section 2.1 form a twin Lagrangian fibration on X. Moreover, this twin Lagrangian fibration structure
on X is shown to be naturally induced from the affine conic bundle structure (4) on its mirror X ∨ in the following sense. 
where
is a fiber of ρ. If π ⋆ and the SYZ fibration π : Y → B form a twin Lagrangian fibration on Y , then we say that this twin Lagrangian fibration is induced form the fibration
Remark. It's easy to see that suppH * F(L ⋆ , ξ ⋆ ) is a slight generalization of the Fourier type transformations introduced in [4] and [33] . The coherent sheaf H * F(L ⋆ , ξ ⋆ ) is in general not globally defined, and we need some gluing and analytic continuation procedure to make suppH * F(L ⋆ , ξ ⋆ ) a well-defined rigid analytic subvariety of Y ∨ , this will be discussed in detail in Section 3.
Here we use the notation U K to stand for the unitary group U (1) when K = C or
when K = Λ. With the above definition, our first result can be stated as follows. (8) where φ 1 and φ 2 are integral affine morphisms. Moreover, this twin Lagrangian fibration is induced from the affine conic bundle structure p 0 : X ∨ → (K * ) n−1 in the sense of Definition 1.1.
Similar constructions can be done in the converse direction, by endowing X ∨ with a suitable symplectic structure ω ε to be specified below. Algebraically X ∨ is a partial compactification of X ∨ by a divisor D ∨ , it can be realized as the blow up of V × C along the codimension 2 subvariety H × 0 ⊂ V × C, where V is an (n − 1)-dimensional toric variety and H ⊂ V is a smooth hypersurface with defining equation
In this case, a piecewise smooth Lagrangian fibration π A : X ∨ → B ∨ is constructed by Abouzaid-Auroux-Katzarkov in [3] . With some additional assumptions on V and H to exclude higher order instanton corrections, the SYZ mirror construction can be carried out in a similar way as outlined in [5] , and we obtain a rigid analytic Calabi-Yau manifold X, such that X = X ⊔ D is a toric Calabi-Yau variety. In this case, the defining section w of the toric boundary divisor D X defines a fibration w 0 : X → K * (10) whose generic fibers are hypersurfaces in X isomorphic to (K * ) n−1 , and w 0 can be identified with w by adding some constant. According to [32] , such an additional geometric structure on X should induce a twin Lagrangian fibration on X ∨ . In Section 2.2, we will construct a non-proper piecewise smooth Lagrangian fibration
and show that π A and π L form the expected twin Lagrangian fibration on X ∨ in Section 4.3.
in the commutative diagram, we need to appeal to the theory of admissible coordinates developed in [10] . These issues are addressed in Section 2.3.
The results above can be generalized to the intermediate cases when H ⊂ V is a complete intersection, then the geometric structure on X can be T k -invariant for any 1 ≤ k ≤ n−1. These results should be compared with a speculation of Teleman [48] on the mirror of the abelian gauge theory, see also [41] . More explicitly, a Hamiltonian T -action on a symplectic manifold Y is believed to be mirror to a holomorphic map ρ : Y ∨ → T ∨ C , where T ∨ C is the dual complexified torus of T . In our case, ρ is not only a regular map but actually a fibration, which should then lead to more delicate geometric structures on Y , namely a twin Lagrangian fibration which is compatible with the Hamiltonian T -action.
When dim C (X ∨ ) = 2, the mirror symmetry between the fibrations π L and w 0 established in Theorem 1.2 gives geometric understandings of homological mirror symmetry for X ∨ . In Section 5.1, we introduce a Fukaya category F (π L ) associated to the Lagrangian fibration π L on X ∨ which captures the information coming from the singular fibers of π L . There is then an equivalence
where D π sing w −1 (0) is the idempotent completion of the triangulated category of singularities associated to the fibration w : X → K, defined by Orlov in [35] . This very simple equivalence provides further evidence to the fact that the fibrations π L and w 0 are mirror to each other.
Motivated by Section 4 of Smith's very beautiful paper [46] , we consider the partial compactification Bl K (C 2 ) of X ∨ , which is just C 2 blown up at a finite set of points K ⊂ C 2 . We show that in Bl K (C 2 ) (equipped with a suitable monotone symplectic form) there are a finite number of Lagrangian tori T 1 , · · ·, T p which split-generate the non-zero eigensummand of the monotone Fukaya category F Bl K (C 2 ) . In this case, the thimbles ∆ 1 , · · ·, ∆ p retains under the fiberwise partial compactification
of the Lefschetz fibration p 0 on the smoothing of A p−1 singularities X ∨ p−1 ⊃ X ∨ , and they are isomorphic to the idempotents of T 1 , · · ·, T p in TwF (π L ) up to degree shifts. These considerations lead to the following result, which shows that the equivalence (14) fits naturally into a commutative diagram, and in particular interprets the homological mirror symmetry for Bl K (C 2 ) as the mirror symmetry between the fibration structures π L and w 0 . 
commutes, where Φ • is the equivalence (14) , and Φ CHL is some variation of the localized mirror functor defined in [16, 17] .
The definitions of the functors Φ(e + ) and Φ(e + ) ∨ will be given in Section 5.1.
In view of family Floer theory, an obvious application of a twin Lagrangian fibration is that one can use the additional Lagrangian fibration to detect the non-displaceability of certain SYZ fibers. However, when singular fibers are involved, this is technically not easy. In this paper, we look at a particular simple example, based on the observation that the singular fibers of π L contain a basis of Lefschetz thimbles ∆ 1 , · · ·, ∆ p of p 0 . By studying the Floer cohomologies between ∆ i and the Lagrangian torus fibers of π A , we are able to detect the non-displaceable Lagrangian tori in
Combining with the work of Wu [52] 
Arrangement of this paper
The paper is organized as follows. Section 2 contains some preliminaries on constructing Lagrangian fibrations using symplectic reduction, based on this we construct the Lagrangian fibrations π H and π L . Using family Floer theory, we define the mirror transformation (L, ξ) → suppH * F(L, ξ) in Section 3, this is the main tool we use in the verifications in Section 4, where we show that the twin Lagrangian fibrations on X and X ∨ are mirror to certain fibrations on the mirror. Section 5 focuses on the special case of complex surfaces, Theorems 1.3 and 1.4 will be proved there. The background materials concerning SYZ mirror constructions will be used frequently in this paper, so we collect them in Appendix A for readers' convenience. The localized mirror functor Φ CHL introduced in [16] is only used in proving Theorem 1.3, which will be briefly recalled in Appendix B.
Construction of Lagrangian fibrations
Lagrangian fibrations on toric Calabi-Yau manifolds
Let N ∼ = Z n be a lattice and N ∨ be its dual lattice. Σ is a strongly convex simplicial fan supported in N R = N ⊗ R. Associated to Σ is a smooth toric variety X = X Σ . Denote by v α , α ∈ A the primitive generators of the rays of Σ, then the Calabi-Yau condition
for every α ∈ A.
From now on we assume that X is toric Calabi-Yau with dim C (X) = n. It's an easy observation that the meromorphic function w : X → C corresponding to ν ∈ N ∨ is actually holomorphic, therefore defines a global coordinate function. Let T C (N ) ⊂ X be the big cell inside the toric variety X, which is defined by N ⊗ Z C * .
Embedded in T C (N ) there is a real torus T R (N ) which acts on X effectively, therefore makes X into a toric symplectic manifold. Define
which specializes an (n−1)-dimensional real torus T R (N ν ). Associated to the Hamiltonian T R (N ν )-action, there is a moment map
where t R (N ν ) is the Lie algebra of T R (N ν ). Denote by D the anticanonical divisor
and let X = X \ D. A standard symplectic reduction argument reduces the problem of producing a special Lagrangian fibration on X to that on µ
The observation that these reduced spaces can be identified with the w coordinate plane leads to the following theorem. Theorem 2.1 (Gross [26] , Goldstein [24] ). Let (X, ω X ) be a toric Calabi-Yau manifold equipped with its toric Kähler form, then π G : X → R n defined by
is a special Lagrangian torus fibration with respect to the holomorphic volume form
There is a codimension 2 discriminant locus ∆ ⊂ B ≃ R n inside {0} × R n−1 over which the fibers of π G become singular, see [12] for an explicit description of ∆. When dim C (X) = 3, ∆ ⊂ R 3 is a trivalent graph, and we have the decomposition
into vertices ∆ d and edges ∆ g . The singular fiber π −1 G (•) over • ∈ ∆ g is obtained by collapsing one of the two cycles in a regular fiber L down to a point. These are called generic singular fibers. Passing from an edge to a vertex in ∆ d makes the corresponding Lagrangian fiber more singular, which means that the other cycle in π −1 G (•) also collapses down to a point. Lagrangian fibrations with such a topological behavior near a trivalent vertex in ∆ d are called positive in the sense of [25] and [11] . The situation in higher dimensions is similar.
Using the same method we get the following.
Theorem 2.2. The map π
is a Lagrangian fibration on X with respect to ω X .
Proof. Consider the Hamiltonian action of the (n − 1)-dimensional torus T R (N ν ) on X. After symplectic reduction at the level of λ ∈ R n−1 , the reduced space, namely the (w+1)-plane X red,λ , is topologically R 2 . Since it's 2-dimensional, and the function arg(w + 1) is T n−1 -invariant with 1-dimensional level sets, the statement follows from Proposition 5.2 of [11] .
It's clear from definition that the Lagrangian fibration π H is smooth and non-proper and its regular fibers are homeomorphic to T n−1 × R. 
After taking away the discriminant loci ∆ and ∆ ⋆ , there are well-defined integral affine structures A and A ⋆ on B \ ∆ and B ⋆ \ ∆ ⋆ . It's easy to see that the triples (B, ∆, A) and (B ⋆ , ∆ ⋆ , A ⋆ ) associated to the Lagrangian fibrations π G and π H are both simple affine manifolds with singularities in the sense of [11] . Affine morphisms between them are well-defined, see [11] . 
Lagrangian fibrations on affine conic bundles
Let V be an (n−1)-dimensional toric variety, H ⊂ V a nearly tropical hypersurface (which will be defined below). Denote by X ∨ the blow up of V × C along H × 0. Here we follow closely the exposition of [3] to introduce the A-side geometric setup of X ∨ .
Let Σ V ⊂ R n−1 be the fan associated to V , then it is generated by a set of primitive integer vectors σ 1 , · · ·, σ r . Let H τ ⊂ V be a family of smooth algebraic hypersurfaces with 0 < τ < 1, and assume that they are transverse to the toric boundary divisor D V ⊂ V . To understand the combinatorial nature of the hypersurfaces H τ ⊂ V , we can pass to the tropical limit τ → 0 and look at the degeneration of H τ . More precisely, let x = (x 1 , · · ·, x n−1 ) be the coordinates of the open stratum (C * ) n−1 ⊂ V , which we denote by V 0 . Suppose that H τ are defined by the following equations
where A ⊂ Z n−1 consists of the group characters of V 0 , c α ∈ C * and ρ : A → R. An alternative way to describe H τ is to regard it as the zero locus of the section g τ of some nef line bundle L → V defined by the convex piecewise linear function ℓ : Σ V → R with integer slopes. The polytope P L associated to L is given by
then P L ∩ Z n−1 can be identified with a basis of H 0 X, O(L) . The condition that H τ being transverse to D V is equivalent to the requirement that A ⊂ P L ∩ Z n−1 intersects nontrivially with the closure of each face of P L . We want to impose an additional convexity assumption on ρ. To do this, let P be a polyhedral decomposition of the convex hull Conv(A) ⊂ R n−1 , whose set of vertices is given by P (0) = A. We assume further that P is regular, i.e. every cell of P is congruent to a standard simplex under the action of GL(n − 1, Z). The map ρ : A → R is said to be adapted to P if it's the restriction of a convex piecewise linear functionρ : Conv(A) → R on A, whose maximal domains of linearity are exactly those cells of P.
Definition 2.1 ([3]).
We say that the family of hypersurfaces H τ ⊂ V has a maximal degeneration for τ → 0 if it is defined by (28) and ρ is adapted to some regular polyhedral decomposition P.
For every fixed hypersurface H τ , consider the image of H τ ∩ V 0 under the map
This is known as an amoeba
In fact, Π 0 is just the dual cell complex of P, in particular the connected components of R n−1 \ Π 0 are labeled by the elements of P (0) = A, depending on which term in (31) is the maximal one. 
Definition 2.2 ([3]
as a hypersurface in the total space of the fiberwise compactification
More explicitly, denote by x and y the coordinates on V and C respectively, then
Note that this is a partial compactification of the affine conic bundle X ∨ defined in (2) by the anticanonical divisor
where p : X ∨ → V × C denotes the blow up map and V is the proper transform of V .
Consider the following S 1 -action on X ∨ :
This action preserves the exceptional divisor E and acts by rotation on each fiber of the trivial
Also the the fixed point set of the S 1 -action (35) is given by V ⊔ H, where H consists of the points (0 : 1) in each fiber of (36) . To equip X ∨ with an S 1 -invariant Kähler form ω ε , [3] introduces an S 1 -invariant C ∞ cutoff function η : X ∨ → R with supp(η) lying inside a tubular neighborhood of H × 0 and η = 1 near H × 0. Set
This is a well-defined S 1 -invariant Kähler form on X ∨ provided that ε > 0 is small enough.
More precisely, ε needs to be chosen so that a standard symplectic neighborhood of size ε of H × 0 can be embedded S 1 equivariantly into supp(η). To achieve this, the following assumption is imposed in [3] : 
Here we prefer to make a slight modification and set µ 0 = µ 1 − ε, so it takes the value −ε over V . The generic level sets of µ 0 are smooth, with the exception that µ
the reduced space at λ.
The remedy is to average ω red,λ with respect to the standard T n−1 -action on the toric variety V :
which leads to a toric Kähler form ω V,λ for λ = 0. Since ω red,λ and ω V,λ lie in the same cohomology class, the following Moser type lemma is desirable.
Lemma 2.2 (Abouzaid-Auroux-Katzarkov [3]). There exists a family of homeomorphisms
• φ λ depends piecewise smoothly on λ, and smoothly except when λ = 0. This is the key lemma which enables us to complete the construction. Namely one first applies the diffeomorphism φ λ to identify X ∨ red,λ with the toric symplectic manifold (V, ω V,λ ), then the map Log τ defined by (30) will induce a Lagrangian torus fibration on V 0 , which together with the Hamiltonian S 1 orbits gives a Lagrangian fibration on X ∨ .
Theorem 2.3 (Abouzaid-Auroux-Katzarkov [3]). The map π
A : X ∨ → R n−1 × R >−ε defined by π A (p) = Log τ • φ λ (x), µ 0 (p) = λ ,(41)where x ∈ X ∨ red,λ is the S 1 orbit of p ∈ X ∨ ,
is a Lagrangian torus fibration on X
∨ with respect to the symplectic form ω ε .
In general, the fibration π A is only piecewise smooth when dim C (X ∨ ) ≥ 3, which coincides with the viewpoints of [27] and [11] that T -duality is topologically a duality between positive and negative vertices, and the local model of a Lagrangian fibration near a negative vertex should be only piecewise smooth.
When dim C (X ∨ ) ≥ 3, the discriminant locus ∆ ⊂ B ∨ of π A is an amoeba Π ⊂ R n−1 × {0} diffeomorphic to Π τ , and the generic singular fibers of π A over Π τ are topologically T n with some of the S 1 orbits in the toric fiber µ −1 V (•) over the interior of the moment polytope ∆ V collapsed down to points. When dim C (X ∨ ) = 2, π A can be modified into a smooth special Lagrangian fibration. Using the same method we can construct a piecewise smooth non-proper Lagrangian fibration on X ∨ .
Theorem 2.4. The map π
is a piecewise smooth Lagrangian fibration on X ∨ with respect to ω ε , with its generic fiber
Proof. Consider the Hamiltonian S 1 -action (35) on X ∨ , symplectic reduction combined with Lemma 2.2 enables us to reduce the construction to (V 0 , ω V | V0 ). We then use the map (43) instead of Log τ to produce a Lagrangian fibration on V 0 ⊂ V . By Propositions 5.2 and 5.4 of [11] , the fibration π L on X ∨ is then Lagrangian with respect to the symplectic form ω ε . Since every fiber of the fibration defined by the map (43) is homeomorphic to R n−1 , we see that the topology of a smooth fiber of π L is R n−1 × S 1 . The piecewise smoothness of π L is inherited from that of φ λ with respect to λ.
From now on, we shall fix the same choice of the family of homeomorphisms {φ λ } in the construction of the Lagrangian fibrations π A and π L .
The topology of the generic singular fibers of π L is similar to that of π A . We postpone the study of the affine structures induced by π A and π L on B ∨ and B ∨ ⋆ to the next subsection.
Affine structures with seams
Throughout this subsection we assume that dim C (X ∨ ) ≥ 3. Although the Lagrangian fibrations π A and π L defined in Section 2.2 are not in general smooth, it turns out that they are not too ill-behaved and the affine structures induced on B ∨ and B ∨ ⋆ can still be systematically studied, in the framework of the so-called stitched Lagrangian fibrations introduced in [10] .
Definition 2.3 ([10]
). Let X be a symplectic manifold with dim R (X) = 2n. Suppose that there is a Hamiltonian free S 1 -action on X whose moment map is µ : X → R. Let
Given an (n−1)-dimensional real manifold B, a map π : X → B×R is said to be a stitched Lagrangian fibration if there exists an S 1 -invariant, continuous function G : X → B, with the following properties:
restrictions of smooth maps on X;
• π is of the form π = (G, µ) and π restricted to X ± is a proper submersion with connected Lagrangian fibers.
Lemma 2.3. The Lagrangian fibration π
Proof. After taking away the boundary divisor D ∨ and the singular fibers π
, all the orbits of the Hamiltonian S 1 -action (35) are regular, which implies that the action (35) on (X ∨ ) in is free. In this case, the function G is given by Log τ • φ λ , so we may set B = R n−1 . Since the family {φ λ } λ∈R>−ε depends smoothly on λ except at the level λ = 0, the first requirement in Definition 2.3 is satisfied for π A on (X ∨ ) in . The second requirement is the content of Theorem 2.3.
We shall call
the seam of the stitched fibration π, which is different from the convention of [10] .
In fact, the Hamiltonian S 1 -action (35) descends to the quotient manifold Z ∨ . After symplectic reduction, an analogue of Lemma 2.2 holds and we can use it to assemble the torus fibers of π quo L to get a Lagrangian fibration on Z ∨ , see Section 10 of [3] . Away from the discriminant locus
in the sense of Definition 2.3. As such a quotient does not affect the affine structure on the base B ∨ ⋆ , the fibration π L can be studied in the same framework as π A .
Denote B = π(X) and B ± = π(X ± ). Recall that when the Lagrangian fibration induces on the base manifold B an integral affine structure A, or possibly with singularities (B, ∆, A), we have well-defined action angle coordinates on B \∆. However, this is not the case for a stitched Lagrangian fibration. To describe the affine structure on B, CastanoBernard and Matessi introduce a generalized notion of action angle coordinates. Since we only need a local picture for the discussion of action-angle coordinates, we shall assume for simplicity that the pairing (B, S) is diffeomorphic to (D n , D n−1 ). The general case when B may not be contractible, which is the case of π quo L , is similar.
Definition 2.4 ([10]). A set of coordinates on B ⊂ B × R, given by a continuous map
• ζ n is the restriction the projection B × R → R to B;
• locally, the restrictions of ζ j to B + and B − are restrictions of smooth functions on
In the case when the Lagrangian fibration π : X → B is smooth, the action angle coordinates on B depend on a choice of a basis of H 1 (X, Z). In the stitched case, choose a pair of bases
such that
• γ n is represented by an orbit of the S 1 -action;
• γ
With these assumptions we have the following proposition which generalizes the notion of action angle coordinates in the stitched case. Proposition 2.1 (Castano-Bernard-Matessi [10] ). Let π : X → B be a stitched Lagrangian fibration and let γ ± be bases of H 1 (X, Z) satisfying the conditions specified above. Then the restrictions of γ
is an admissible change of coordinates.
Based on the above result, we make the following definition, which includes the affine structure induced on the base by a stitched Lagrangian fibration as a special case.
Definition 2.5. (i) An (integral) affine manifold with seams consists of a quadruple
the set of discriminant which is locally a finite union of closed submanifolds of codimension at least 1, S ⊂ B is the set of seams which is locally a finite union of submanifolds of codimension at least 1 and A is an (integral) affine structure on every connected component of B = B \ (∆ ∪ S).
(
ii) A continuous map between (integral) affine manifolds with seams
The following is an easy corollary of the discussions above. Proof. When dim C (X ∨ ) = 2, the fibrations π A and π L are smooth, so the lemma follows by the same reasoning as in the proof of Lemma 2.1. Now let's assume dim C (X ∨ ) ≥ 3. It's obvious that φ 3 
Family Floer theory and mirror transformation
In this section, we introduce a mirror transformation
by applying the formalism of family Floer theory developed in [1, 2, 19] . The expositions here follows [1, 2, 3, 20] . We begin with the local case. Let π : Y → B be a Lagrangian torus bundle with a Lagrangian section, so that as integral affine manifolds
where P ⊂ R n is a convex polytope equipped with the standard integral affine structure. By Arnold-Liouville theorem, we have the identifications
where F b is any fiber of π. Assuming π 2 (B) = 0, the mirror Y ∨ of Y is the rigid analytic variety defined by
where val : Y ∨ → B denotes the valuation.
Definition 3.1. A Lagrangian submanifold L in a symplectic maniold Y is tautologically unobstructed if there exists a tame almost complex structure
Let L ⊂ Y be a tautologically unobstructed Lagrangian submanifold which is relatively Spin, we recall the local construction of the family Floer module F(L) associated to L due to [1, 2] . For F b a fiber of π : Y → B, assume that there is a (compactly supported) Hamiltonian diffeomorphism φ so that the intersection
with Lagrangian boundary conditions
and asymptotic conditions
where {J t } t∈ [0, 1] is a family of tame almost complex structures so that
Since L is assumed to be relatively Spin, standard index theory assigns a rank 1 free abelian group o x to each intersection point x ∈ F b ∩ φ(L), and there is a canonical isomorphism
Assuming deg y = deg x + 1, for a generic choice of {J t } the moduli space M b (x, y) consists only of rigid elements, and ker D u is 1-dimensional. Fixing the orientation of ker D u corresponding to the positive direction one gets a canonical map
The local version of family Floer module is defined as
To define the associated differential δ :
is obtained by fiberwise addition of dg x . This choice determines a path γ on F b from x to the basepoint, i.e. the intersection between F b and the fixed Lagrangian section. Define
to be the homology class of the loop in F b obtained by concatenating the boundary of the strip ∂u with γ. Define
where E(u) is the energy of u, and z is the coordinate on Y ∨ . It's a non-trivial fact that the infinite sum u∈M b (y,x) T E(u) z [∂u] converges in T -adic topology and defines a function in O Y ∨ , see [1, 20] . Passing from local to global requires carefully choosing the Floer data and establishing the relevant continuation maps. We are not going to recall these issues as they are not needed here, see [1, 2] for more details. Passing to cohomology gives us a coherent sheaf
The above construction has an obvious generalization to the case when L is equipped with a unitary rank 1 local system ξ, and the coherent sheaf H * F(L, ξ) has its stalk over (F b , ξ b ) the Floer cohomology group
Notice that L ⊂ Y is not assumed to be compact in the above definition, since F b is closed and both Lagrangian submanifolds are tautologically unobstructed, the Floer cohomology groups (62) are well-defined in the usual sense.
Now consider the more general case when π : Y → B is a Lagrangian fibration with possibly singular fibers but whose generic fiber has vanishing Maslov class. This is the case of π G and π A introduced above. Let (L t , J t ) t∈ [0, 1] be a path between the Lagrangian fibers L 0 , L 1 ⊂ Y , and J t is a family of almost complex structures which are fixed at infinity. For the cases we deal with in this paper, the following assumption is always satisfied for any two reguular fibers F p and F q of π. 
whose construction is essentially due to Fukaya in [20] , see also [49] . After specializing to the case when L 0 = F p and L 1 = F q , we get a wall-crossing map
In the cases treated in Appendix A, there exist affine charts U α , U β ⊂ Y fitting into the local picture above, such that F p ⊂ U α , F q ⊂ U β and we have the identifications
where U ∨ α and U ∨ β are rigid analytic T -duals of U α and U β respectively. So the birational maps Υ αβ can be used to glue different charts U ∨ α and U ∨ β together to obtain the corrected, completed SYZ mirror
where the equivalence relation ∼ identifies points which are mapped to each other under Υ αβ .
The local construction of the family Floer module can be applied each chart U α ⊂ Y . In particular, for any Lagrangian submanifold L ⊂ Y which is oriented, Spin, and tautologically unobstructed when restricted to U α , we obtain a rigid analytic subvariety
where L α = L|U α and ξ α is the one induced from certain ξ ∈ H 1 (L, U K ). Under the additional assumption that
the rigid analytic subvarieties coming from local constructions can be glued together to obtain a well-defined rigid analytic subvariety
which is defined to be our mirror transformation of (L, ξ).
Twin Lagrangian fibrations
Geometric setup
This subsection is essentially an overview of [32] . We explain the motivation of introducing the notion of a twin Lagrangian fibration and give some speculations of such a geometric structure. For simplicity, we consider here the mirror of an elliptic Calabi-Yau manifold.
With some additional effort, one should be able to extend most of the considerations here to the general case of Calabi-Yau manifolds fibered by rigid analytic subvarieties.
Let Y ∨ be an n-dimensional Calabi-Yau manifold over K, with ρ : Y ∨ → S being an elliptic fibration on Y ∨ . Suppose that we have a well-defined compactified relative Jacobian
which is the moduli space of torsion free rank one sheaves of degree zero supported on the fibers of ρ. Mirror symmetry predicts that such a moduli space can be identified with certain moduli space Y of Lagrangian branes (L ⋆ , ξ ⋆ ) with ξ ∈ H 1 (L, U K ) on the mirror symplectic manifold Y . For simplicity, we impose the following additional assumptions:
• The Lagrangian submanifolds L ⋆ are oriented, Spin and unobstructed.
• The elliptic fibration ρ : Y ∨ → S has a section.
• The singular fibers of ρ only have nodal or cuspidal singularities. 
Passing to the mirror side, the symplectic embedding Y
• ֒→ Y should then be a symplectomorphism. In conclusion, besides the putative SYZ fibration π : Y → B, the mirror of an elliptic Calabi-Yau manifold carries another Lagrangian fibration π ⋆ : Y → B ⋆ . The first assumption on ρ in the heuristic arguments above is actually not necessary. This is illustrated in the following example, which is also considered in [1] .
Example. Consider R 4 with coordinates x 1 , x 2 , x 3 , x 4 and equipped with the standard symplectic form ω C 2 . Let Γ ′ ⊂ R 4 be the lattice defined by translations of integral vectors in the directions x 2 , x 3 , x 4 and the transformation
The symplectic form ω C 2 is invariant under the action of Γ ′ and therefore descends to the quotient M = R 4 /Γ ′ . M is called the Kodaira-Thurston manifold [50] . In [45] it is noticed that on M there are two inequivalent Lagrangian fibrations. The first one π : M → B is obtained by projecting to the coordinates x 2 and x 3 . It has a Lagrangian section and we regard it as the SYZ fibration on M . The second fibration is a principal T 2 -bundle π ⋆ : M → B ⋆ , and therefore has no Lagrangian section. π ⋆ is obtained by projecting to the coordinates x 1 and x 3 . It's easy to see that the rigid analytic T -dual of π : M → B is a primary Kodaira surface M ∨ , which is a principal elliptic bundle ρ : M ∨ → E over an elliptic curve E. Since ρ does not admit a section, the relative Jacobian J is not isomorphic to M ∨ . In fact, J ∼ = E × E is an abelian surface. We remark that the Lagrangian fibration mirror to ρ :
One can also consider the mirror of π ⋆ , which involves a gerbe α M ∈ H 2 (J, O * ). This is in fact the obstruction to the existence of a relative Poincaré sheaf over
Back to the general setting, we want to derive some further constraints on the second Lagrangian fibration π ⋆ : Y → B ⋆ . Let L be a fiber of π : Y → B, which we also assume to be unobstructed. Then its mirror O y is a skyscraper sheaf with y ∈ Y ∨ . Homological mirror symmetry predicts that
as K-vector spaces. Adopting the Morse-Bott model of Lagrangian Floer cohomology [21] , the above isomorphism suggests that the intersection L ∩ L ⋆ is clean and is a codimension 1 submanifold of L. (One may regard it as a simplifying assumption which does not violate our general prediction.) As a concrete example, take L and L ⋆ to be respectively the fibers of the two Lagrangian fibrations on (T 4 , ω std ) defined by projecting respectively to (x 2 , x 4 ) and (x 1 , x 4 ), and let ρ : E × E → E be the obvious elliptic fibration on the mirror. Let F 1 and F 2 be two regular fibers of ρ so that one of them contains y ∈ Y ∨ . Observe that
if and only if F 1 = F 2 . The mirror statement of this simple observation can be formulated as follows.
if and only if
Similarly, we may consider the Floer cohomologies HF * (L j , L ⋆ ) for j = 1, 2 and obtain
From the discussions above one can extract a commutative diagram of the form
where N is a smooth manifold and there are fibrations on B and B ⋆ with the common base N , which we denote by φ and φ ⋆ . Since the Lagrangian fibrations π and π ⋆ induce integral affine structures (possibly with seams in the sense of Definition 2.5) on B and B ⋆ , there is a good reason to expect that N is an integral affine manifold and φ and φ ⋆ are actually integral affine morphisms. For instance, in the case of a Kodaira-Thurston manifold M , the affine manifold N ≃ S 1 is the circle obtained by projecting to the coordinate x 3 .
Based on the discussions above, we make the following definition, which is slightly more general than the one appeared in [32] . 
Definition 4.1. A twin Lagrangian fibration on the symplectic manifold Y consists of two Lagrangian fibrations
Remark. In [32] , it is also required that the Lagrangian fibations π and π ⋆ should admit Lagrangian sections. This condition is not imposed here because we want to include the Kodaira-Thuston manifold M as an example which admits a twin Lagrangian fibration.
Twin Lagrangian fibrations on toric Calabi-Yau manifolds
Let X be an n-dimensional toric Calabi-Yau manifold. In this subsection, we study the twin Lagrangian fibration structure on X = X \ D given by the Lagrangian fibrations π G and π H constructed in Section 2.1.
Proposition 4.1. The Lagrangian fibrations π G and π H form the structure of a twin Lagrangian fibration of index 1 on X.
Proof. Fix a regular fiber
with some C 3 ∈ S 1 . On the (w + 1)-coordinate plane, the ray specified by arg(w + 1) = C 3 intersects the circle |w + 1| = C 1 precisely at one point. This shows that L ∩ L ⋆ ≃ T n−1 . Since the intersection locus is a Hamiltonian orbit of the T R (N ν )-action, we conclude that it's an affine submanifold of both L and L ⋆ .
Similar argument applies to any regular fiber L ⋆ of π H .
The Lagrangian fibrations π G and π H on the open Calabi-Yau manifold X induce affine structures with singularities on the base manifolds B and B ⋆ , and we have the following:
Proposition 4.2. There is a commutative diagram
with φ 1 and φ 2 being integral affine morphisms. The affine structure on R n−1 is the standard one.
Proof. For any point • ∈ X, it is projected via π G to log |w(•) + 1| , µ ν (•) . Recall the map φ 1 is just projection to the last n − 1 coordinates, so we end up with the point µ ν (•) ∈ R n−1 . On the other hand, it's easy to see by definitions of π H and φ 2 that π H • φ 2 (•) = µ ν (•), which implies commutativity. The fact that the maps φ 1 and φ 2 are integral affine is proved in Lemma 2.1.
As mentioned in the introduction, such a twin Lagrangian fibration is expected to be mirror to the affine conic bundle p 0 : X ∨ → (K * ) n−1 on the mirror. Based on the mirror construction described in Appendix A.1 and the mirror transformation introduced in Section 3, we now verify this. The following unobstructedness result is needed in our proof.
Recall from Appendix A.1 that the base B of the SYZ fibration π G is separated by the wall W ⊂ B into two chambers
Lemma 4.1.
Proof. This follows from the observation that the Lagrangian fibration π H , when restricted to U i , is a Lagrangian R × T n−1 bundle over a base manifold which can be identified with B ⋆ as a topological space. Taking away the fibers of π G over the wall W ⊂ B has the effect of removing the critical locus of the fibration π H . Because of this we have the standard isomorphism
Since B ⋆ is homeomorphic to S 1 × R n−1 , it follows that π 2 (B ⋆ ) = 0. 
for any i = 1, 2, where b 1 and b 2 are respectively standard coordinates on the R and R n−1 factors, C 4 ∈ R n−1 is some constant. By Lemma 4.1, the restrictions L i ⋆ ⊂ U i are tautologically unobstructed. From the mirror construction summarized in Appendix A.1, one sees that suppH * F(L ⋆ , ξ ⋆ ) is well-defined for any choice of ξ ⋆ , in particular the gluing condition (68) is satisfied.
To determine suppH * F(L ⋆ , ξ ⋆ ), consider the Floer cohomology groups
for every
Note that these Floer cohomologies are computed in the symplectic manifold U i , so in particular they are well-defined. Since L b ∩ L i ⋆ = ∅ precisely when b ∈ Q i , by the isotopy invariance of Floer cohomology, we see that 
where the right hand side is ordinary cohomology with local coefficients, from which we deduce HF
. At this point, we need to appeal to the mirror construction in Appendix A.1, the analysis above implies that suppH
is the rigid analytic subvariety characterized by fixing the coordinates x 1 , · · ·, x n−1 appeared in the mirror construction. In fact, recall that (up to a multiplicative constant)
where {θ j } is a set of generators of H 1 (L b , Z) which span a regular orbit of the Hamiltonian T R (N ν )-action, and {Θ j } are cylinders traced out by these loops with their boundaries lying on L b and the reference fiber
On the other hand, b ∈ Q i is equivalent to saying that T Θ j ω X remains constant, by the invariance of symplectic area inside a relative homotopy class with Lagrangian boundary conditions.
Since the gluing of the two charts U
is precisely a fiber of p 0 .
Twin Lagrangian fibrations on blowups of toric varieties
We have a parallel story for X ∨ . Recall that two Lagrangian fibrations π A and π L have 
Proof. Consider a regular fiber
where C 7 ∈ T n−1 . Since Log(x) = C 5 and Arg(x) = C 7 intersect transversally at one point in V 0 , it's easy to see that L ∩ L ⋆ is a circle, which is in fact a Hamiltonian S 1 orbit of the action (35) , therefore an affine submanifold of both L and L ⋆ .
Similar considerations hold for any regular fiber L ⋆ of π L .
As in the previous case, a commutative diagram of the form (79) holds here.
Proposition 4.4. There is a commutative diagram
X ∨ πL πA / / B ∨ φ3 B ∨ ⋆ φ4 / / R >−ε where φ 3 : R n−1 × R >−ε → R >−ε and φ 4 : T n−1 × R >−ε → R >−ε are
integral affine morphisms between integral affine manifolds with seams defined by projection to the last coordinate, and the affine structure on R >−ε is the standard one.
Proof. The commutativity of the diagram follows directly from definitions of π A , π L , φ 3 and φ 4 . On the other hand, the fact that φ 3 and φ 4 are integral affine in the sense of Definition 2.5 has been established in Lemma 2.4.
As we have mentioned in the introduction, the twin Lagrangian fibration B
∨ is expected to be mirror to the fibration w 0 : X → K * . Recall that up to an additive constant, w 0 is the defining function of K X , so it has a unique singular fiber and the regular fibers of w 0 are isomorphic to (K * ) n−1 . Before showing that this is the case, we need the following result.
Recall from Appendix A.2 that the base B ∨ of π L is separated by the wall W = ∆ × R >−ε into chambers B ∨ α parametrized by the finite set A, i.e.
Since the critical locus of π L corresponds precisely to those orbits of the S 1 -action (35) which degenerate to points, after taking away the fibers over the wall
is actually a Lagrangian R n−1 × S 1 bundle over some base homeomorphic to B ∨ ⋆ . This gives us the isomorphism 
Proof. This is similar to the proof of Theorem 4.1. In this case a regular fiber L ⋆ of π L projects vis π A to the (n − 1)-dimensional submanifold 
, which is well-defined by Lemma 4.2. Arguing as before we see that
On the other hand, the mirror construction in Appendix A.2 tells us that the coordinate w α,0 on U α is given by (up to a multiplicative constant)
where 
After gluing, this gives us a fiber of w 0 : X → K * because the the coordinate w α,0 is globally defined on X.
Since w 0 : X → K * admits a unique singular fiber, by carefully examining the mirror coordinates, we have a somehow stronger conclusion.
Proposition 4.5. For a generic choice of the regular fiber L ⋆ of π L and any
Proof. Fix a chamber B ∨ α to work with, since w 0 has a unique singular fiber w
we only need to show that the mirror coordinate w α,0 avoids the value −T ε ∈ K * . But by the definition of w α,0 in Appendix A.2, this forces the symplectic area Θ0 ω ε to be some constant λ 0 . It is known that up to a multiplicative constant, we have 
Applications in four dimensions
This section contains two simple applications of twin Lagrangian fibrations studied in the last section. To get a more explicit picture, we restrict ourselves here to the case of symplectic 4-manifolds.
Homological mirror symmetry for Bl
Let V = C in the setting of Section 2.2. Consider a partial compactification of our space X ∨ , which is simply a smoothing of the A p−1 singularity
We equip X ∨ p−1 with the restriction of the constant symplectic form on C 3 , making it into a Liouville manifold. The nearly tropical condition on H ⊂ C is now equivalent to
By projecting to x, we get an exact Lefschetz fibration
whose regular fibers are symplectomorphic to T * S 1 . On the other hand, by the discussions above, there is a twin Lagrangian fibration on the open dense subset X ∨ ⊂ X ∨ p−1 formed by π A and π L . Strictly speaking, here the symplectic structures on X ∨ differs from the general case treated before, but the Lagrangian fibrations π A and π L still exist, and can actually be explicitly written down as
In particular, we see that both of the fibrations π A and π L are smooth. We shall always work in the "generic case", namely when every singular fiber of π L contains a unique singularity, which requires an additional assumption on the positions of the r i 's. After assuming this, any singular fiber π [40] . The objects of F (p 0 ) are closed unobstructed Lagrangian submanifolds equipped with gradings and Spin structures as well as Lefschetz thimbles, and the morphisms between thimbles are defined using Hamiltonian diffeomorphisms with constant slopes near infinity. More explicitly, denote by ∆ 1 , · · ·, ∆ p a basis of Lefschetz thimbles of p 0 associated to the vanishing paths r 1 , · · ·, r p , and assume
then we have
By Lemma 5.1, we can choose the basis of thimbles ∆ 1 , ···, ∆ p so that they are Lagrangian discs contained in the singular fibers of π L . For every i ∈ {1, · · ·, p}, we choose the copy of ∆
L (•) so that its vanishing path γ i is an outward pointing ray starts at r i , and still denote the resulting basis of Lefschetz thimbles by
Define F (π L ) to be the Fukaya category consisting of ∆ 1 , · · ·, ∆ p as its objects with the morphism spaces setting to be
which means for thimbles disjoint from each other, we don't use Hamiltonian perturbations to create intersections between them. It's easy to see with such a definition, we actually have an equivalence
where F {p pts} is the Fukaya category of p distinct points.
Mirror to the Lagrangian fibration π L is the fibration w 0 : X → K * , which admits a unique singular fiber w −1 (0) = D X . For this fibration, Orlov defined the triangulated category of singularities [35] :
where Perf w −1 (0) denotes the full triangulated subcategory of perfect complexes in
, and the right hand side is a Verdier quotient. Although by definition the category D b sing w −1 (0) is naturally Z 2 -graded, in our situation we can lift it to a Zgrading by specifying a K * -action on X so that
• w has weight 2,
• −1 ∈ K * acts trivially.
On each K 2 chart of the toric variety X with coordinates x and y, this can be seen explicitly by letting K * act with weight 0 on x and weight 2 on y.
, which is still triangulated by [7] .
Proposition 5.1. There is an equivalence
Proof. This is an application of the simplest example of Knörrer periodicity, which states that D
when p = 1, where D b (pt) is the derived category of coherent sheaves of one point. However, by Proposition 1.14 of [35] , such an equivalence extends to the case of any p ∈ Z ≥0 . This in particular shows that the total morphism algebra of D π sing w −1 (0) is isomorphic to the semi-simple ring K p , which proves the desired equivalence. The functor Φ • is defined in the obvious way. In particular, it sends ∆ i to an idempotent of the skyscraper sheaf O si of the singularity s i of w −1 (0) on object level.
To get a deeper understanding of the above equivalence, we further (partially) compactify
, where K ⊂ C 2 is a finite set consisting of p distinct points. For later purposes we further assume that these p points lie on a sufficiently large circle C in the x-coordinate plane centered at the origin so that
for any two different points r i , r j ∈ K. Note that assuming K ⊂ C will make H = K ⊂ C failing to be nearly tropical, which then results in a singular mirror by [3] . However, this can be avoided easily if one is willing to take more care about the positions of the r i 's, we assume this here only to simplify our expositions. By blowing up with equal amounts at every point of K, one then obtains a (non-compact) monotone symplectic manifold. Equip Bl K (C 2 ) with a monotone symplectic form. Following Smith [46] , we consider the Lagrangian correspondences
where E ⊂ Bl K (C 2 ) denotes the exceptional divisor, which is a disjoint union of P 1 's, and E − is the symplectic manifold (E, −ω E ). S 1 eq ⊂ P 1 denotes the equator. ν E is a tubular neighborhood of the exceptional divisor, and ∂ν E denotes its boundary. 
Proof. In our case, ∂ν E is a disjoint union of coisotropic S 3 's in Bl K (C 2 ). The symplectic form Ω 1 is well-defined on Bl K (C 2 ) because by our assumption there are balls of radius strictly larger than √ π centered at the p points in K ⊂ C 2 , and these balls are disjoint from each other. Since π 1 (L 2 ) = 0 as a Lagrangian submanifold in E − × Bl K (C 2 ), we only need to show the symplectic manifold E − × Bl K (C 2 ) is spherically monotone, namely the homomorphisms c 1 , ω :
defined by the first Chern class and the symplectic form are positively proportional. In our case,
is is equipped with the product symplectic form −2ω FS × Ω 1 . On the other hand,
is easily computed to be (−2, · · ·, −2, 1, · · ·, 1), which shows that L 2 is monotone.
In what follows, we shall always equip Bl K (C 2 ) with the monotone symplectic form
, which is a disjoint union of p monotone Lagrangian tori T 1 , · · ·, T p . These tori can also be seen using the Lefschetz fibration on Bl K (C 2 ). Start with the trivial fibration C 2 → C by projecting to one of the two coordinates, after blowing up at K ⊂ C 2 we get a Lefschetz fibration 
Note that one can arrange the ordering so that r i = r i , so there is a 1-1 correspondence between the Lefschetz thimbles of p 0 and p 0 . We shall adopt this convention from now on. Denote by T the monotone Lagrangian torus lying over the interior corner of the moment polytope of the toric variety O P 1 (−1).
Lemma 5.3. There is a diffeomorphism between moduli spaces
as compact manifolds, where
( T , β) denotes the moduli space of stable holomorphic discs with one boundary marked point represented by the the class β ∈ π 2 O P 1 (−1), T with respect to the standard complex structure, and
class of holomorphic discs bounded by T i .
Proof. First consider the Lefschetz fibration
Since the Lagrangian torus T i is monotone, only disc bubblings and sphere bubblings are possible. We then show that for every holomorphic disc u : (D, ∂D) → V i , T i , neither disc bubbling nor sphere bubbling can occur. For disc bubbles, first notice that for dimension reasons, T i ⊂ V i only bounds stable discs of Maslov index 2, in other words, their classes β K ∈ π 2 V i , T i must have intersection number 1 with
where V is the proper transform of V × {0} ∼ = C. Because of this, any disc bubble must have Maslov index 0, i.e. it's a holomorphic disc u with im(u)
be realized as a Lagrangian torus bundle over some aspherical manifold with T i as one of its fiber, which implies that π 2 (V i \ Z i , T i ) = 0 and there is no disc bubbling. Sphere bubbles can be excluded simply by noticing that there is only one holomorphic sphere of Chern number 1 in V i , which is an exceptional curve, and other holomorphic spheres in
and their compactness. Its easy to see the above arguments can also be applied to O P 1 (−1), from which we get the desired diffeomorphism (120).
The following result is proved in [46] for T ⊂ O P 1 (−1), Ω 1 . 
as Z 2 -graded algebras, where Cl 2 is the Clifford algebra associated to a non-degenerate quadratic form on K 2 .
Proof. Lemma 5.3 allows us to identify the enumeration of holomorphic discs bounded by
. The latter one is studied in detail in [6] and [14] , from which we get the toric fiber T bounds three families of holomorphic discs, one for each toric boundary divisor in O P 1 (−1). By (149) we see that the superpotentials for
where z i ∈ K * . Since by maximum principle, all the holomorphic strips bounded by T i are local, the fact that the unique critical point of W ( T i ) is non-degenerate shows that
Remark. The corollary above shows that Bl K (C 2 ) contains p disjoint Lagrangian tori which are non-displaceable. The fact that it contains at most p such tori is a consequence of the forthcoming paper [31] . The case of Lagrangian spheres is studied in [43] .
Since the symplectic manifold Bl K (C 2 ) is conical at infinity, a simple application of the generation criterion obtained in [38] shows that T 1 , · · ·, T p split-generate the non-zero eigensummand F Bl K (C 2 ) λ of the monotone Fukaya category, where
is defined in terms of enumeration of Maslov index 2 holomorphic discs, see Appendix A. For simplicity, we shall omit the subscript and simply write F Bl K (C 2 ) . On the other hand, from [46] we see that the Lagrangian tori T i have non-trivial idempotents, which we denote by e 
Proof. The first half of the lemma follows from the positions of vanishing paths associated to the thimbles ∆ i we choose. Corollary 5.1 and the same proof as in [46] , Lemma 4.26 yield the second half.
By [34] , the composite monotone Lagrangian correspondence L 1 • L 2 defines a functor
This functor has an idempotent summand
see [46] . Identifying F {p pts} with F (π L ) as Z 2 -graded categories in the obvious way, we obtain a functor from
. By slight abuse of notation, this functor is still denoted Φ(e + ). Note that on the level of objects, Φ(e + ) sends ∆ i to e + i . In view of Proposition 5.1, there is a similar phenomenon on the mirror side, namely a fully faithful embedding To summarize our discussions in this subsection, we need a slight variation of the localized mirror functor Φ CHL introduced in [16] and [17] , which will be made precise in Appendix B. This is an A ∞ functor
is the disjoint union of the category of matrix factorizations MF W ( T i ) . On the other hand, it is proved by Orlov in [35] and [37] that there is an equivalence
between Z 2 -graded triangulated categories. Denote by
the composition of the induced functor of Φ CHL on derived categories with Σ. Φ CHL can then be extended to a functor on split-closures of both sides in (133), which by abuse of notation we still denote by Φ CHL .
Theorem 5.1. The following diagram is commutative. 
as Z 2 -graded K-vector spaces, which proves that Φ CHL is indeed an equivalence by Theorem 1.3 of [17] . By the above, it's enough to show that the diagram (134) commutes on the object level, since multiplying by K * is isomorphic to an identity functor on the field K viewed as a linear category with a single object. But the commutativity of (134) on the level of objects is straightforward from definitions.
The above result gives a geometric interpretation of the homological mirror symmetry equivalence
as the mirror symmetry between the fibration structures π L and w 0 in the framework of twin Lagrangian fibrations.
Non-displaceable Lagrangian tori in rational homology balls
As a geometric application of the structure of twin Lagrangian fibrations, we consider here the rational homology balls B p,q studied in [30] . These are Stein surfaces defined as the quotients of the A p−1 Milnor fiber X 
where ξ ∈ Z p is any primitive p-th root of unity and (p, q) = 1. Then the quotient B p,q = X ∨ p−1 /G p,q is a rational homology ball for any p ≥ 2. It is proved in [30] that there is no closed exact Lagrangian submanifolds in B p,q for any p > 2 and SH * (B p,q ) = 0, therefore these Stein surfaces provide non-trivial examples to test the non-vanishing criterion of symplectic cohomology due to Seidel and Smith for 4-dimensional Liouville manifolds, see Section 5 of [42] . In this subsection, we give a new proof of the non-vanishing result SH * (B p,q ) = 0 from the point of view of twin Lagrangian fibrations. We begin with the following observation. 
Proof. 
as an algebra. Note that although it is assumed in Corollary 9.1 of [3] that |r i |'s are not the same, the chart U ∨ α containing T p is not affected. More precisely, the holomorphic discs bounded by T p ⊂ X ∨ p−1 are sections of the Lefschetz fibration p 0 : X ∨ p−1 → C over the disc bounded by c p . This disc counting can be broken into standard local models using the gluing results of [44] (see also [51] where the orientation issue is considered), which shows that the superpotential W (T p ) is unaffected as long as the r i 's lie inside the disc bounded by c p . This implies that HF * (T p , ∆ i ) = 0 for some i. But such a non-vanishing then extends to all i by applying Dehn twists τ V k along the Lagrangian matching spheres V k ≃ S 2 associated to the basic paths, i.e. linear paths in C connecting two p-th roots of unity.
We now take the G p,q -action into consideration. Note that although the Lagrangian fibrations π A and π L are compatible with the G p,q -action, the Lefschetz fibration p 0 is not. More precisely, since T p is invariant under the action of G p,q , it descends to a Lagrangian torus T p,q ⊂ B p,q . On the other hand, G p,q acts by permuting the thimbles ∆ i , so after the quotient, we get a Lagrangian disc ∆ p,q ⊂ B p,q , which lifts to the union of the thimbles Gp,q , where F (π L ) is the subcategory of F (p 0 ) introduced in Section 5.1, but here we also include the torus fibers of π A as its objects. By Lemma 5.7, this will not cause any confusion when passing to derived categories.
Gp,q will serve as a technical replacement of the Fukaya category of the weakly unobstructed closed Lagrangian submanifolds and the Lagrangian disc ∆ p,q in B p,q .
The free action of a finite group on the Fukaya category of closed Lagrangians is studied systematically in [52] , which is essentially enough for our purposes here. moduli problems can be achieved with the G p,q -invariant Floer data. The G p,q -invariance of the Floer datum then implies that the A ∞ compositions
For the thimbles ∆ i , we only need to use a small perturbation at infinity to make their self-morphisms well-defined, so adding these objects to the category will not affect the proof in [52] that transversality for the relevant moduli spaces can be achieved within G p,qinvariant Floer data. Assumption 4.1 of [52] is clearly satisfied since every thimble ∆ i is a copy of the Lagrangian disc ∆ p,q in the finite cover
inherits its grading and Spin structure from ∆ i .
In order to use F (π L )
Gp,q to compute the Floer cohomology of T p,q ⊂ B p,q , the following simple generation result is useful.
Proof. By Proposition 5.8 of [46] , in F (p 0 ), the monotone Lagrangian torus
is generated by the Lefschetz thimbles ∆ 1 , · · ·, ∆ p in the sense that
, where T ∆i is the abstract twist along ∆ i . In fact, since the monotone toric
is generated by the unique Lefschetz thimble ∆ of p 0 : O P 1 (−1) → C, by Lemma 5.5 the same functorial relation carries over to the situation here and gives
in H 0 F (p 0 ) , which then implies
where T ∆1,···,∆p is the generalized twist operation defined in [40] , Remark 5.1. This clearly descends to the relation
Gp,q , which in particular yields the desired generation result.
Recall from [52] that there is an A ∞ functor
which is fully faithful and sends L ⊂ B p,q to its lift in X 
The gluing formula of the charts U ∨ 1 and U ∨ 2 can then be determined by the requirement that W ∨ should define a global regular function on the mirror X ∨ . After a completion process [6] , this completes the mirror construction for any toric Calabi-Yau manifold X. 
Moreover, the Landau-Ginzburg model (X ∨ , W ∨ ) is SYZ mirror to the toric Calabi-Yau manifold X.
To write down the defining equation of X ∨ explicitly, one needs to do non-trivial computations of the algebraic counts of stable discs n(L b , β α + γ). This can be done by relating n(L b , β α + γ) to certain Gromov-Witten invariants, see [12, 28, 29, 13] for details.
A.2 The converse mirror construction
Similar mirror constructions can be done in the converse direction, from the affine conic bundle X ∨ to the rigid analytic Calabi-Yau manifold X, using the Lagrangian fibration π A defined in Section 2.2 as the SYZ fibration [3] . However, in this case we need to make the following assumptions to exclude higher order instanton corrections. 
recall that b ∈ C 1 (L, Λ + ) is called a weak bounding cochain if it satisfies the MaurerCartan equation
The mirror matrix factorization will be constructed using the non-trivial deformation of the A ∞ structure of the monotone Fukaya category F (Y ) induced by the weak bounding cochains. Namely we can define an extended Fukaya category F (Y ) whose objects are L × M weak (L) with L ∈ Ob F (Y ) and whose morphism spaces are
where b i ∈ M weak (L i ). More precisely, for CF * (L 1 , L 2 ) to be well-defined, we need to work over a direct summand 
are defined to be 
To get a mirror functor associated to the monotone Lagrangian torus T ⊂ Y fixed at the beginning of this appendix, we specialize to the case when L = T in the above, so the localized mirror functor is actually defined to be the Yoneda module associated to (T, b) ∈ Ob F (Y ) × M weak (T ). We emphasize that there is no need to require that T lies in the direct summand F (Y ) λ .
Definition B.1 (Cho-Hong-Lau [17] ). Fix a λ ∈ Λ, the A ∞ functor
is defined as follows:
is defined as In [16] , the definition of the above A ∞ functor is formulated in the language of Lagrangian submanifolds equipped with flat line bundles, and the definition is given in the special case when L 1 
Namely as objects of the non-zero eigensummand F Bl K (C 2 ) λ , we equip the Lagrangian tori T i 's with trivial bounding cochains. Since the Lagrangian tori T 1 , · · ·, T p are Floer theoretically orthogonal, applying the above functor to each T i we get an A ∞ functor
which is exactly the functor appeared in (130).
